We give two characterizations of conservative extensions of models of arithmetic, in terms of the existence and uniqueness of certain amalg~mations with other models. We also establish a connection between conservativity and some combinatorial properties of ultrafilter mappings.
*V) relations and functions; A is the reduct of *N to the standard part of the language. For any x~*V, there is a countable set Ce V such that x~*C. This is obvious if *V is an ultrapower of V with respect to an ultrafilter on a countable set I, for then x is the equivalence class of some function on I, and the range of this function serves as C; the general case, a limit of ultrapowers, follows immediately. Thus, any xe * V has the form (*f)(n) for some standard function f on N and some n~*N. In particular, if x is an internal subset of *N, then there is a binary relation R(p, q) on N, namely p~f(q) with f as above, and there is an n~*N such that (Vp~*N)(p~x~--~(*R) (p,n) ). This means that every internal subset of *N is parametrically definable in A. Now let/]~ * V be any proper elementary extension of *N in * V, and let B be its reduct to the standard part of the language. Then B is a proper elementary extension of A. Furthermore, ifX is parametrically definable in B (hence afortiori in/~), then XnA is internal in *V and therefore parametrically definable in A. Thus, B is a proper conservative extension of A, as required. To formulate our main results, we need the notion of an amalgamation of two models. Let A be a model of arithmetic, and let B and C be elementary extensions of A. Replacing B or C with an isomorphic copy such that the isomorphism is the identity on A, we arrange that Bc~C=A. An amalgamation orB and C over A is a model D that contains B and C as submodels and is generated by BuC. Such a D is a model of the theory Complete diagram of B+Complete diagram of C+{b~clb~B-A, c~C-A} in the language L(BuC) obtained from the language L of arithmetic by adding all the elements of B u C as names for themselves. Conversely, in any model of this theory, the denotations of the closed terms form an amalgamation orB and C over A. It is easy to see that this theory is consistent, so amalgamations always exist [4] . Two amalgamations, D and D', are considered equivalent if there is an isomorphism between them that leaves B u C pointwise fixed. Since D and D' are generated by B u C, such an isomorphism can only be the map defined by sending fD(b,c)~O to fD,(b,c)~O', where b~B, c~C, and f is a binary function on natural numbers with canonical extensions f, and fo, in the models D and D'. It is routine to verify that this map is well-defined and is an isomorphism 
Characterizations of Conservativity
Suppose B is an end extension of A, while C is an arbitrary extension of A. Will there always be an amalgamation that is an end extension of C? The answer is "no" in general, even if C is also an end extension of A, but it becomes "yes" if B is a conservative extension of A. Let O(z, yt,y2) be an L-formula and let peA be a parameter such that
they exist because B is a conservative extension of A. It follows, since B is an end extension of A, that 
for all parameters peA, and for all qeB-A,
By our choice of 4) and b, (.) is true when F(x) is the empty set, since an appropriate x can be always be found in A. 
B~Vx[O±(x) A +o~(x)/x f+(p +,x)<q± -*(4)(b,x)~--W±(x))],
where +a means c~ and -c~ means -7 a. Let 0 be the conjunction of 0 + and 0-, let f(p,x) be the maximum of the fe(p±,x), let q be the smaller of q-+, and let ~p be
Let C be an extension of A generated over A by a single element c that realizes the type F(x) over A. We shall obtain two amalgamations of B and C over A, with C < B-A, that will be inequivalent because one will satisfy 4)(b, c) while the other will not. To find these amalgamations, it suffices to prove the consistency of the two theories T ±=
Complete diagram of Bw F(c)w {f(p,c) <q[peA, qeB-A, f standard} w {_+ 4)(b, c)}.
To prove the consistency of any finite subtheory of T ±, we may assume (by taking the maximum of the f's and the minimum of the q's) that the subtheory contains 
Minimal and Ramsey Extensions
In this section, we consider some combinatorial properties of ultrafilter mappings introduced by Baumgartner [1] . Let U and V be ultrafilters over N, and let f map We call f a Ramsey map from U to V if, whenever the set [N] 2 of two-element subsets of N is partitioned into two parts, there is a set X~ U such that all the two-element subsets {x,y}c__X with f(x)=f(y) lie in the same part. In Baumgartner's terminology [1] , this would be called a 1-]2Z-projection. When f is constant, the definition reduces to U being a Ramsey ultrafilter. In general, the definition can be reformulated as follows. Let E: = {(x, y)e N 2 [x .< y and f(x) = f(y)} ; then the filter generated by E: and the sets X 2 with Xa U is an ultrafilter. This condition can also be expressed model-theoretically. Consider two copies of U-prod N, say A 1 and A 2 with isomorphisms el: U-prod N~Ai such that their intersection is at least f*(V-prod N), in the sense that the restrictions of c~ 1 and e2 to f*(V-prod N) are equal. We do not exclude the possibility that el (a)= ~2 (b) for some a and b outside the range off*. An amalgamation of the two models A~ (over their intersection) is determined (up to equivalence) by the 2-type realized by the two generators ai=cq([id]v ) of the Ai's. If we assume that al<a 2 in the amalgamation, then this 2-type is an ultrafilter on N 2 containing E: and X 2 for all X~ U, and any such ultrafilter arises from some amalgamation. Thus, to say that the sets E: and X 2 for X~U generate an ultrafilter is to say that all such amalgamations are equivalent. Therefore, f is a Ramsey map if and only if there is at most one amalgamation of two copies of U-prodN, with intersection at least f*(V-prod N), and with the two generators a~ properly ordered (a i < a2). (There is always at least one such amalgamation, unless f is an isomorphism.) It follows easily from either the combinatorial definitions or the model-theoretic characterizations that all Ramsey maps are selective. For constant maps, the converse holds, by Kunen's result ['6 ] that all selective ultrafilters are Ramsey. Baumgartner [1] has observed that the converse fails in general. We shall show, in the next theorem, that the converse holds if U-prod N is a conservative extension of f* (V-prodN) . Since all extensions of N are conservative, this result gives a new proof of Kunen's theorem. We shall also show that the conservativity assumption is necessary unless f is finite-to-one [i.e., unless f*(V-prodN) is cofinal in U-prodN]. (2) with intersection precisely A and another with intersection C, contrary to (2) . The initial segment of B that contains A as a cofinal subset is a submodel of B. It is not B, by the first clause of(2), so, by the minimality just proved, it must be A. So B is an end extension of A. Now let q~(x, y) be any L-formula and let be B. We shall find an L(A)-formula ~p (x) such that
(V a~ A)B~ c~(a, b)~--~tp(a).
This will establish the conservativity of B and thus complete the proof. If bsA, then c~(x,b) is the required ~p(x), so we assume b~B-A. 
